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Abstract 
The (2,1)-total labeling number  of a graph G is the width of the smallest range of integers that suffices to label the vertices and the 
edges of G such that no two adjacent vertices have the same label, no two adjacent edges have the same label and the difference 
between the labels of a vertex and its incident  edges is at least 2. In this paper, we derive  the (2,1)-total labeling numbers of double 
graph of some graphs. 
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1.Introduction 
Our terminology and notation will be standard. The reader is referred to [1] for the undefined terms. For a graph G, 
let V(G), E(G), )(Δ G  and )(Gδ  denote, respectively, its vertex set, edge set, maximum degree and minimum degree. Let 
ΔG  denote the subgraph of G induced by the vertices of maximum degree Δ . 
Motivated by the Frequency Channel assignment problem. Griggs and Yeh [2] introduced the L(2,1)-labeling of 
graphs. This notion was subsequently extended to a general form, named as L(p,q) -labeling of graphs. Let p and q be 
two nonnegative integers. An L(p,q)-labeling of graph G is a function f from its vertex set V(G) to the set  { }k",2,1,0  
for some positive integer k such that  pyfxf ≥− )()(  if x and y are adjacent, and qyfxf ≥− )()(  if x and y are at distance 2. 
The L(p,q)-labeling number )(, Gλ qp  of G is the smallest k such that G has an L(p,q)-labeling  f with max { })()( GVvkvf ∈= . 
Whittlesey et al.[3] investigated the L(2,1)-labeling of incidence graphs. The incidence graph of a graph G is the 
graph obtained from G by replacing each edge by a path of length 2. The L(2,1)-labeling of the incidence graph of G is 
equivalent to an assignment of integers to each element of )()( GEGV ∪  such that adjacent vertices have different labels, 
adjacent edges have different labels, and incident vertex and edge have the difference of labels by at least 2. This 
labeling is called (2,1)–total labeling of graphs, which was introduced by Havet and Yu[4], and was generalized to 
(d,1)-total labeling form. Let 1≥d  be an integer. A k-(d,1)-total labeling of a graph G is a function f from  )()( GEGV ∪   to 
the set { }k",2,1,0  such that )()( vfuf ≠  if u and v are two adjacent vertices, )()( efef ′≠  if  e and e′  are two 
adjacent edges, and defuf ≥− )()(  if a vertex u is incident to an edge e. The (d,1)-total labeling number, denoted 
)(GλTd , is the least integer k  such that G  has a k-(d,1)-total labeling. 
When 1=d , the )1,1( -total labeling is the well-known total coloring of graphs, which has been intensively 
studied [5,6,7]. 
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It was conjectured in [4] that 12Δ)( −+≤ dGλTd  for each graph G , which extends the well-known Total 
Coloring Conjecture in which 1=d .The )1,(d -total labeling for some kinds of special graphs have been studied, 
e.g., complete graphs [4], outerplanar graphs for 2=d [8], graphs with a given maximum average degree [9], etc. 
In this paper, we studied the )1,2( -total labeling of double graph with some graph, The following lemmas are 
very useful. 
Lemma 1.1[1] Let G  be a graph with maximum degree Δ , then the chromatic index Δ)( =′ Gχ . 
Lemma 1.2[4] Let  G  be a graph with maximum degree Δ , then 
1Δ)()1( −+≥ dGλTd ,  
)2( If G is Δ -regular, then dGλTd +≥ Δ)( . 
Lemma 1.3[4] If 1Δ)( −+= dGλTd , then the vertices with maximum degree of G  must be labeled 0  or 1Δ −+ d . 
Lemma 1.4[4] If 2Δ = , then 4)(2 =GλT . 
Lemma 1.5[10]  Let G  be a graph, if ΔG has a subgraph )2Δ(,1 −≥rK r , then 2Δ)(2 +≥GλT . 
Lemma 1.6[11]  Let G  be a bipartite graph, then 2Δ)(1Δ 2 +≤≤+ GλT . 
Let G′  be a copy of simple graph G , let iu  be the vertex of G , and iv be the vertex of G′  correspond with iu . A 
new graph , denoted  by )(GD , is called the double graph of G  if  )()())(( GVGVGDV ′∪= , 
{ ),()()())(( GVuvuGEGEGDE iji ∈∪′∪= })()( GEuuandGVv jij ∈′∈  . It is easy to see that  )(Δ2))((Δ GGD = . 
Lemma 1.7[12] If G is a bipartite graph, then )(GD  is also a bipartite graph. 
Proof.  Let G  be a bipartite graph, the vertex of G can be partitioned two subsets 1X  and 1Y , let G′  be a copy of  
G ,  1X ′  and 1Y ′  be copy of 1X and 1Y . Let ,11 XXX ′∪=  11 YYY ′∪=  respectively. It is easy to prove that ),( YX  is a 
bipartition of )(GD , then )(GD  is a bipartite graph . 
2.The (2,1) -total labeling of double graph of path, star and cycle 
Let 
nP  be a path with n vertices nuuu "21, , and iv  be the copy of iu ，then let the path nn vvvP "21=′  be a copy of  
nP . 
Since 42 )( CPD = , by Lemma 1.4, we can know that  42))((Δ))(( 222 =+= PDPDλT . 
Theorem 2.1. If  n=3,4, then 5))((2 =nT PDλ ; If 5≥n , then 6))((2 =nT PDλ . 
Proof. Let )( nPDG = , then 4)(Δ =G . We consider the following two cases. 
Case 1. If n=3,4, we give a 5-(2,1)-total labeling of )( 3PD  and )( 4PD  as follows.(see figure 1). 
Case 2. If 5≥n , we can see that ΔG  has a subgraph 4,1K  such that 42)(Δ ≤−G , by lemma 1.5, 2)(Δ)(2 +≥ GGλT . 
On the other hand, since )( nPDG =  is a bipartite graph, by lemma 1.6, 62)(Δ)(2 =+≤ GGλT . Hence, we have 
6))((2 =nT PDλ . 
Theorem 2.1 is true. 
 
 
Figure. 1: the 5-(2,1)-total labeling of )( 3PD  and )( 4PD  
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Figure. 2: the (2,1)-total labeling of )( 4SD  and )( 5SD  
Let 
1+nS  be a star with n+1 vertices nuuu "10 , , in which nud =)( 0 , we call 0u  the center of 1+nS . If n=2, then 
)()( 33 PDSD = .  For 3≥n , we have the following result. 
Theorem 2.2. If 3≥n , then 1))((Δ))(( 112 += ++ nnT SDSDλ  
12 += n . 
Proof. Let 
1+′nS  be a copy of 1+nS  with vertices nvvv "10 , . 
According to lemma 1.6 and lemma 1.7, we know that 12))(( 12 +≥+ nSDλ nT . Next, we only need to prove that 
the graph )( 1+nSD  has a (2n+1)-(2,1)-total labeling. 
If n=3,4, we give a 7-(2,1)-total labeling of )( 4SD  and a 9-(2,1)-total labeling of )( 5SD .(see figure 2) 
If 5≥n , we know that nSDvdud n 2))((Δ)()( 100 === +  and  ),2,1(2)()( nivdud ii "=== , according to lemma 1.3, 
define f  as follows 
1Δ)(,0)( 00 +== vfuf ， iuf i =)( ， 
)2,1()( niinvf i "=+= ， 
)2,1(2)( 0 niiuuf i "=+= ， 
)12,1(2)( 0 −=++= niinvuf i " ， and 
2)( 0 =nvuf , )2,1(3)( 0 niiuvf i "=+= , 
)42,1(3)( 0 −=++= ninivvf i " , and 
),2,3()3()( 0 nnninivvf i "−−=−−= . 
Obviously the f is a )1Δ( + -total labeling of )( 1+nSD . so the result is true. 
From what stated above, the proof is completed. 
Theorem 2.3. Let 
nC  be a cycle. If nC  is an even cycle, then 6))((2 =nT CDλ ; If nC  is an odd cycle, then 
7))((6 2 ≤≤ nT CDλ . 
Proof. Obviously, )( nCD is 4-regular graph. By lemma 1.2, 62))((Δ))((2 =+≥ nnT CDCDλ . Next, we consider the 
following two cases. 
Case 1. If nC  is an even cycle, by lemma 1.6 and 1.7, )( nCD  is a bipartite graph,  then 62))((Δ))((2 =+≤ nnT CDCDλ . 
So we have 6))((2 =nT CDλ . 
Case 2. If 
nC  is an odd cycle with vertices nuuu ",, 21 .  Let nC ′  be the copy of nC  with vertices nvvv "21, . By 
lemma 1.4, we can give a 4-(2,1)-total labeling of 
nC  and nC ′  with {0,1,2,3,4}, respectively. Let { }))(( GDEvuvuE jiji ∈=′  , 
we know that the induced graph ][EG ′  is a 2-regular bipartite graph. By lemma 1.1, ][EG ′  is 2-edge colorable. So we 
can label the edges in E′  with {6,7}. Obviously, it is a 7-(2,1)-total labeling of )( nCD , then we have 7))((2 ≤nT CDλ . 
Hence 7))((6 2 ≤≤ nT CDλ . The proof is completed. 
Remarks. By theorem 2.3, For each odd cycle 
nC , there is 7))((6 2 ≤≤ nT CDλ . We think that the (2,1)-total labeling 
number of double graph of odd cycle maybe equal 7. One could prove that 7))((2 =nT CDλ  for each odd cycle. But this 
maybe much more difficult. 
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